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ABSTRACT: The principle of polymer separation in size exclusion chromatography (SEC) is studied based
on a classical equilibrium partitioning theory. The task is to examine the correlation between the mean span
dimension of polymer chains and their equilibrium partition coefficients with confining pores. Using an
extended formulation of the recently developed confinement analysis from bulk structures (CABS) method,
we calculate the partition coefficients for both linear and branched polymer chains with cylindrical pores—a
model pore geometry that is considered to be more realistic for voids in SEC columns than the commonly
considered slit model. The partition coefficients plotted as a function of the mean span dimension relative to
the pore diameter are truly universal for wide pores and nearly so for flexible polymer chains with different
architectures (linear, star, two-branch-point, and comb) in the range of the partition coefficient relevant to
SEC separation. We also examine the correlation between the mean span dimension and the SEC retention
volume using the experimental data by Sun et al. [Macromolecules 2004, 37,4304—4312]. It is found that when
the mean span dimension is plotted as a function of the retention volume, results for both linear and branched
polyethylene molecules lie nearly on the master curve determined by linear polystyrene standards. Our
findings support the equilibrium thermodynamic separation principle in SEC. Since the mean span dimension
is a purely geometric size parameter applicable to any chain architecture, its use in the interpretation of SEC

data is appealing.

1. Introduction

Size exclusion chromatography (SEC), also referred to as gel
chromatography, gel filtration, and gel permeation chromato-
graphy, as well as other names, has evolved into one of the most
prevalent characterization techniques for synthetic and natural
polymers, including proteins and carbon nanotubes.'* How-
ever, despite a wide usage of SEC, an ambiguity about its
separation principle remains unresolved.’ It is generally believed
that SEC, like other types of chromatography, is governed by
equilibriurn thermodynamics rather than hydrodynamics because
the flow rates in the experiments generally are quite low.®"® On
the other hand, the seminal work of Grubisic, Rempp, and
Benoit'® demonstrated that polymer molecules, regardless of
chemical composition and chain architecture, separate according
to the hydrodynamic volume, Vy o M[py], where M is the
molecular weight and [#] the intrinsic viscosity. Since the hydro-
dynamic volume is a dynamic quantity, it has been puzzling for
decades that a process which is believed to be an equilibrium
phenomenon is controlled by a dynamic property of polymers.>!!

In a pioneering achievement, Casassa and co-workers deve-
loped an equilibrium theory for excluswn chromatography of
branched and linear polymer chains.'>~'® The basis of their work
is the idea that the separation process in SEC is determined by
the equilibrium partition coefficients of solute macromolecules
between a bulk dilute solution phase located at the interstitial
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space and confined solution phases within the pores of the
column packing material.”'” For dilute solutions and in the
absence of adsorption, the equilibrium partition coefficient
(pore-to-bulk concentration ratio), K, is determined by the
change in the configurational entropy of the polymer as it is
brought into the confining geometry from the exterior bulk
solution."™!" The number of configurations available to a poly-
mer chain in confined spaces is less than in the bulk solution,
resulting in a decrease in the configurational entropy, and thus
Ky < 1. Casassa and co-workers derived exact expressions for
Ky for linear and star-branched ideal polymer chains with
different pore shapes including slits, cylinders, and spheres.
Their calculations, subsequently verified by many experimental
studies,'>!>:1820723 pr0v1ded a sohd foundation to the size-based
separation principle of SEC.'~

The partition coefficients generally depend on the molecular
size relative to the pore size. Since there are various measures of
the size of a polymer chain,”* a fundamental problem in the
theory has been the choice of a proper molecular size parameter
that correlates best with K for polymers of different kinds. One
may think that the radius of gyration R, is an appropriate
candidate since both R, and K, are equlhbrlum properties.
However, as shown by Casassa and Tagami in 1969," R, fails
to provide a universal partitioning curve for llnear and star-
branched polymers in a plot of K, vs R,/d, where dis the pore size.
For the same R,/d value and the same pore geometry, star
polymers have a smaller K than linear polymers, with the most
heavily branched polymers deviating the most. In an effort to
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bring the partition curves of f~arm symmetric star polymers onto
to a common curve, Casassa and Tagami proposed using Ryg ™'
in place of R,. Here, g is the Zimm—Stockmayer branching
parameter” defmed as the ratio between the mean-square radius
of gyration of a branched polymer and that of the linear polymer
of the same molecular weight. They also showed from the
Zimm— Kilb hydrodynamic theory for star-branched polymers®
that Rgg 3 is closely related to the cubic root of the hydro-
dynamic volume. In a recent exper1mental study by Sunetal.,’
was found that the size parameter Rgg 3 for both linear and
symmetric three-arm star polymers follow the same curve when
plotted against the retention volume; however, the other
branched types, two-branch-point and comb, failed to follow
that curve. Recently, the hydrodynamic radius, Ry, has also been
proposed to be used in SEC universal cahbration2 ? For
example, Teraoka® calculated the partition coefficients for the
star, two-branch-point, and comb architectures studied in the
experiments by Sun et al. for a slit confining geometry using
the Green'’s function approach. Results of K, for these polymers
clearly had a better correlation with Ry than w1th R,. 3" Con-
sistent with theoretical findings, Farmer et al.>' also found in
experiments that Ry correlated more satisfactorily with the
retention volume than did R, for branched polymers. In brief,
the usage of Rgg 3or Ry leads to a more universal curve for the
partition coefficient and to a more universal correlation with the
retention volume for linear and branched polymers. This demon-
strates the applicability of the classical equilibrium partitioning
theory in understanding the mechamsm of polymer separation in
SEC. However, the use of Rgg 3 or Ry in the interpretation of
SEC data is obscure: it is understood that they both correlate
closely with the cubic root of the hydrodynamic volume,*** but
it is not clearly understood why they should correlate better with
polymer partitioning than does R,, for instance.

It is known that in the limit of wide pores (K, near unity) the
partition coefficient is a universal function of the mean span
dimension of polymer chains.”***** Casassa found the univer-
sality for polymers of linear and symmetric star architectures,'>!>
and we have proven rigorously that this is in fact the case for
general polymer chains regardless of details in polymer architec-
ture and configuration statistics.*® The physical reason for this
universality is that the span dimension is determined by chain
segments located at the surface of the polymer and therefore
represents the relevant size of the polymer in a steric exclusion
process.”>* This is easily seen by considering the partitioning of a
uniform sphere and a spherical shell of the same diameter. The
sphere and the shell are different in R, but obviously, they have
the same mean span dimension (which is the diameter) and K, for
a given confining geometry.

Recently, we have demonstrated the superiority of the mean span
dimension over other size parameters in bringing closer the parti-
tioning curves of linear and star-branched random walks and linear
self- avo1d1ng walks for slit, channel, and box confining geome-
tries.* It is, however, considered that cylindrical pores approximate
the voids in actual SEC columns most closely.'**> Furthermore,
experimental estimates of Kj are better fitted with Casassa’s results
for a cylindrical pore compared with other geometries.'®**?! Until
now, the correlation between K and the mean span dimension for
cylindrical pores has not been fully analyzed. In this paper, we
address this issue by developing an efficient numerical scheme for
calculating K, for cylindrical (and spherical) pores. This is an
extension of the confinement analysis from bulk structures
(CABS) method developed in ref 34 for slit, channel, and box
confining geometries. The new scheme allows us to systematically
calculate the partition coefficients with cylindrical pores for a broad
range of molecule-to-pore size ratios and for different polymer
chain models including star, two-branch-point, and comb archi-
tectures as studied by Sun et al.” in their experiments.
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This paper is organized as follows. In section 2, we briefly
review the development of the mean span dimension as a useful
size measure for polymer chains. In section 3, we present the
CABS method for cylindrical and spherical pores. In addition, we
show explicitly how the mean span dimension comes into play for
wide pores. In section 4, we demonstrate the close correlation
between the mean span dimension and the partition coefficients
for different polymer models/architectures. In section 5, we
discuss the consistency between theoretical calculations and
experimental data obtained by Sun et al.” In particular, we give
an explanation to their rather puzzling observations that the
radius of gyration correlates with the partitioning of linear chains
more satisfactorily than does the hydrodynamic volume whereas
the reverse is true for branched chains. Finally, in section 6 we
summarize our findings.

2. The Mean Span Dimension of Polymer Chains

When dealing with the diameter or width of an object, one
often thinks about the distance between the teeth of a grip used to
pick it up. This notion is closely related to the concept of the span
dimension, X. The span dimension of a polymer chain in a given
direction is defined as the shortest distance between a pair of
planes normal to that direction that contain the entire chain. In
other words, it is the projection length of the convex envelope of
the polymer chain in that direction. The mean span dimension,
X, in that direction is the average over all possible orientations
and conformations of the chain. In particle characterization and
stereology, the mean span dimension is often called Feret’s
statistical diameter or the mean caliper diameter.>**” It is in
practice a convenient measure of the particle size.

It appears that Daniels was the first to investigate the span
dimension (what he termed the “extent™) of a random walk.”® A
similar property was also studied by Kuhn in the context of
configurational statistics of polymer chalns 3949 Their works
were later followed by those of Feller,*' Weidmann et al.,** and
Rubin et al.*~* To date, theoretical results of the span dimen-
sion have been obtained for random walk models of linear,
symmetric-star, and ring polymer chains.'>***’ There are
also Monte Carlo calculations on the span dimensions of self-
avoiding walk chains.**** Experimentally, the mean span
dimension may be obtained using plane probes for micrometer-
scale particles.**” However, we are not aware of any measure-
ment of the mean span dimension of polymer chains.

The orientation of a polymer chain in free solution is isotropic.
Therefore, statistical properties of the span in any direction is the
same as in any other directions. Suppose we view a given direction
from a given point on the polymer chain. As the chain samples its
orientational and conformational degrees of freedom, the maxi-
mum extent of any instant chain conformation in that direction
also forms a random variable. The detailed distribution of this
random variable depends on the specific choice of our observation
point, but its mean value does not. Consider a given polymer
conformation defined by a set of N monomer positions, {r} = {r;,
I, ..., Iy}, with respect to arbitrary origin. The span dimension in a
given direction, specified by unit vector #, is given by (see Figure 1)

X = max(rf~ﬁ) - miin(r,--ﬂ) (1)

Here, max,) and min,() denote the maximum and minimum of
the set of values of the quantity, respectively, as index i runs from 1
to N. One may also consider the span of the chain relative to a
monomer position or the center of mass of the chain. The span of
the chain in the # direction relative to monomer ; located at r; is
given by

B, = max(r;-i) —r;-i ®
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Figure 1. Cross-section view of a circular cylindrical pore of radius R,,.
The circle is centered at point O. Also sketched is a static polymer
conformation that is projected onto the cross-section plane with its
center of mass placed at point O' at a radial position r. (x;, y;) denotes the
relative coordinate of ith monomer to O’ in an x—y Cartesian coordi-
nate system. X, fSeom, and v.om denote different distance measures that
are defined in the text. The distance from the ith monomer to O is also
indicated. For the given R, and r in the figure, this conformation cannot
be accommodated by the pore.

Similarly, the span of the chain in the # direction relative to the
center of mass located at r.., follows

ﬁcom = max(ri : ﬁ) ~Teom * 1l (3)

From the orientational isotropy in configuration space, it is
straightforward to show that

B) = Brom) =57 @
holds for any given choices of j and . Here, (...) denotes an
ensemble average over the orientational and conformational
degrees of freedom of the polymer chain. The identity relationship
given in eq 4 was used in our proof of the identity between the
depletion layer thickness and one-half of the average span of a
polymer chain.** The identity also helps us understand how the
mean span dimension emerges from the CABS formulation for
cylindrical pores as described in the next section.

In our earlier work presented in refs 33 and 34, symbols o and
(o) were used for the span dimension and the mean span
dimension. They are substituted here by X and X, respectively,
to be consistent with the pioneers’ notation.’’**** We also
introduced the “steric exclusion radius” as one-half of the mean
span dimension and used the symbol R, i.e.

Ri=X/2 (5)
The same symbol is also used in the present work.

3. CABS Method for Partition Coefficients

There exist both theoretical methods and experimental tech-
niques for studying the partitioning equilibrium of polymers
between bulk and confining geometries.'®!'?3%>*5" Computer
simulations have also played an indispensable role in under-
standing polymer partitioning in real systems. Many important
factors, not accounted for in the ideal chain treatment initiated by
Casassa, such as chain flexibility, excluded volume, wall adsorp-
tion, and polymer—solvent interactions, have been investigated
using sophisticated simulations techniques.>>~®*

It is known that in SEC experiments the effects of solute
concentration and column adsorption are suppressed.'* Hence,
we consider here an ideal situation of purely steric exclusion and
infinitely dilute solution as studied by Casassa. Under these
circumstances, the problem of finding K, is essentially geometrical,
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and the CABS method, using snapshots of polymer conforma-
tions in free space to estimate the effects of confinements, facili-
tates the determination of K, with twofold advantages: (i) com-
pared to the rigorous analytical approach initiated by Casassa,'?
CABS is more adaptable to studies of real chain features such as a
finite number of chain segments and excluded volume effects, and
(i) compared to conventional simulation approaches, CABS is
superior in computational efficiency and allows us to obtain K for a
vast number of pore sizes solely by sampling conformations of a free
chain. The formulation presented earlier in ref 34 applies only to slit,
channel, and box confining geometries. Here, we extend the method
to handle also circular cylinder and sphere geometries, so that all
simple pore geometries that were considered by Casassa'> ¢ and in
many computer simulations®>** can be studied by CABS. For the
purpose of comparison, we start by recalling the formulation for a
slit geometry.

3.1. Review of the Method for a Slit Pore. Consider a slit
bounded by two infinite parallel planes specified by x = 0 and
x = d. Suppose that a chain is placed in the slit with its center
ofmassatx (0 < x < d). Atany x, some chain conformations
will lie completely within the slit pore; others will not. Let p(x)
be the fraction of all chain conformations that lie within the
pore. The equilibrium partition coefficient K, defined as the
pore-to-bulk concentration ratio, is given by

A d d
Kit(a) = [ ot dx/ [ ax (6)

It is easy to show that the density profile p(x) is given by an
ensemble average of the product of two Heaviside functions:*

p(x) = (Hlmin(x + x| Hld = max(x + x)))  (7)

Here, x; denotes the projection of the position of the ith
monomer, r;, relative to the center of mass, r.,,. of the chain
in the direction (let it be ) normal to the slit planes, i.e.

X; = (r; —Teom) 1l (8)

Combining eqs 3 and 8, we have feom = max{x;) (see
Figure 1). Substitution of eq 7 into eq 6 leads to the partition

coefficient
Kﬁwd):<(1—§)H(1—§)> ©)

where X' = max,(x;) — min/x;,)is the span dimension in the @
direction as defined in eq 1. By calculating X for an ensemble
of chains, K, can be obtained from eq 9 as a function of the slit
width. Relationships analogous to eq 9 are also available for
channel and box confining geometries.*

In the limit of wide pores (d > X for all conformations), the
Heaviside function in eq 9 will be equal to one, and we have

Kglil(d) =1 _/\7/(/[ =1 —/1, A<l (]O)

where 1 = X /d is a molecule-to-pore size ratio. Equation 10
shows the universality between K for a wide slit and the mean
span dimension of polymer chains.>* It is also the partition
coefficient of a hard sphere of diameter X with a slit pore of
widthd > X.

3.2. Extension to Cylindrical and Spherical Pores. Consider
a polymer chain that is placed with its center of mass,
denoted by point O’, at a radial position r within a circular
cylinder of radius R, as shown in Figure 1. The length of the
cylinder is considered to be infinite so that we neglect end
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effects. We define a slicing plane through O’ and perpendi-
cular to the cylinder axis which intersects the plane at
point O. In that plane, we set up an x—y Cartesian coordinate
system with origin at O’ and with the x-axis along the line
connecting O and O’. The polymer chain consists of a
number of monomers. A chain conformation lies completely
within the pore if the maximum distance from point O to all
the monomers is less than R,. Thus, we may write the
fraction of all chain conformations that lie within the pore,
p(r), in the form analogous to eq 7

2
p(r) = (H[Ry = max(y/ (r+x;)" +yi2)]) (11)

where (x;, y;) denotes the position of the ith monomer relative
to the center of mass O’ in the aforesaid coordinate system.
For a given chain conformation, the Heaviside function in
the above equation is equal to one only if
12 2x;r + X7 +yi2 —Rp2 <0 for all

i=12..N (12)

By finding the range of r in which the above condition holds,
we may rewrite eq 11 as

o(r) =H(r—r-)H(r, —r)H(r; —r_)H(Rp2 —y2) (13)
where the two end points, r— and r_, are given by

r- =max(0, —x;—\/R,> =) (14)

ry =min(—x;+1/R,> —p?) (15)

Similar to eq 6, the partition coefficient for a circular cylinder
is given by

‘ R, Ry
K(():ylmder(Rp) _ /0 P(’) r dr/ /0 rdr (16)

Substitution of eq 13 into eq 16 leads to

KSYlinder(Rp) _ <% (I‘+2 —,»_Z)H(r+ —r—)H(Rp2 —yi2)>
p
(17)

This may be used to determine the partition coefficients for
any pore size R, by sampling a given set of polymer config-
urations in bulk.

It is straightforward to extend the above treatment for a
cylinder to a spherical cavity. Analogous to eq 17, the CABS
formulation of K, for a spherical pore of radius R, is found to be

1
KPP (R,) = < (re =r)H(re —r-)H(R)? —y/ _Zi2)>

Ry
(18)
with r, and r_ now given by
r— =max[0, max(—x;—\/R,>—y2—z2)]  (19)
1

I ml_in( —X;+ \/m) (20)

Wang et al.

Here, (x;, y; z;) denotes the position of the ith monomer relative
to the center of mass O'.

It is interesting to examine eq 17 for a wide cylindrical
pore. Consider a situation in which sz > x7 + y/ holds for
all i and for all chain conformations such that r— = 0, r, >
r—, and sz > y?. Equation 17 thus reduces to

Ka‘ylinder(RP) _ <I”+2/Rp2>

= <min
l

where A = Ry/R, = X/d with d = 2R, being the pore
diameter. Since we consider wide pores where 1 < 1, the
function inside the ensemble average in eq 21 takes its mini-
mum value when x; takes its maximum, f.o, = maxq{x;) as
introduced earlier. Substitution of S, for x;in eq 21 leads to

1-2305 40

2_.Vi2 2 3
Ti + (1)

(21

Kgylindcr(/l) =120+ G2+ O(A) (22)

which shows the universality between the partition coefficient
and the mean span dimension of polymer chains in the case of
A<<1. Compared to the result for a slit in eq 10, the fact of 2 in
the linear term is due to the two-dimensional confinement
effect in the case of a cylindrical pore. The quantity C, ineq 22
is characteristic to the shape (roundness) of the outer surface
of the molecule and is defined by

C = (<ﬂcom2> _<Vcom2>)/R32 (23)

where Y.om = yi With the monomer index k being determined
from equation x;, = max(x;) (see Figure 1). Itis found that C,
is 0 for a thin rod and 1 for a sphere.®® The primary goal of
introducing the C, parameter is to quantify the onset of
departure from universality, as is discussed in section 4.

3.3. Numerical Implementation and Validation. Numerical
implementations of eqs 17 and 18 are simple and straight-
forward, as it was the case with slit, channel, and box
confining geometries.* In fact, it is possible to make a
program that, every time a new polymer conformation is
generated, calculates contributions to various size para-
meters (such as X, Ry, and Ry) as well as K| for different
confining geometries. X may be obtained by an ensemble
average of X given by eq 1. R, and Ry are calculated from
their monomer positions (eqs 1 and 2 in ref 29). K, for
various pore geometries are obtained using the CABS
method, i.e., eq 17 for cylinders, eq 18 for spheres, and eqs
23—251inref 34 for slits, channels, and boxes, respectively. The
total number of polymer conformations used in our calcula-
tions ranged from 10° to 10°. For calculating K, and X, we
used 10 sets of orthonormal vectors of isotropic orientations
for each conformation to improve the sampling efficiency.***

To demonstrate the accuracy of our calculations of K,
with the CABS method, we have compared our results with
scaling predictions®*3*%¢~7% for both random walk (RW)
and self-avoiding walk (SAW) chains. In our simulations,
RW chains were sampled by performing simple random
walks in continuous space, and SAW chains were sampled
on simple cubic lattices using the pivot algorithm.”' Our
results, included in the Supporting Information, are consis-
tent with the scaling-law predictions for both RW and SAW
and for various confining geometries. Furthermore, we have
also compared our results with some prior simulations
results in the literature. In particular, the CABS method
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for cylindrical pores, eq 17, was applied to calculate the
partition coefficients of (i) llnedr RW chains of different
number of steps as studied by Davidson et al.>® and (ii) linear
wormlike chains of different ratios of persistence length to
contour length as studied by Teraoka et al.'®’? In both cases,
our results (not shown) are in good agreement with their
reported data.

It should be noted that the CABS method in principle
applies to both wide and narrow pores; however, for very
narrow pores relative to the size of the polymer in bulk, the
CABS method for determining K, becomes very inefficient.
This is because the equilibrium conformations of a polymer
chain in the highly confined state are very different from
those in free space, and nearly all polymer conformations
sampled from bulk will not fit into the pore. It is therefore
necessary to sample a huge number of conformations to
obtain a good statistics for K, < 10~". This drawback may
be overcome by employing configurational bias techniques.
However, since in SEC the elution volume is a linear function
of Ky, such small K, values are not relevant to the SEC
separation. They all correspond to the exclusion limit."

4. K, as a Function of the Mean Span Dimension

The correlation between K, and X for many different model
polymers is examined in this section. We show here plots of K as
afunction of Ry/R,, (= X /d) for cylindrical pores only. Plots of K,
as a function of R,/R, Reg Y }/Rp, and Ry/R, for cylindrical
pores as well as spherical cavities are available in the Supporting
Information. They provide additional evidence of the superiority
of X in correlation with K, over the other size parameters.

We have considered three groups of nearly monodisperse
polymers studied by Sun et al.” in their experiments. The three
groups are (i) linear polystyrene with molecular weight M ranging
from 9800 to 2.6 x 10° g/mol, gn) linear polyethylene with M
ranging from 6600 to 8.3 x 10° g/mol, and (iii) 37 branched
polyethylenes including 3-arm star (both symmetric and
asymmetric), two-branch-point, and comb architectures. Details
of their experimental data can be found in Tables 2—6 in ref 5.
Our calculations employed a simple discrete RW model in
continuous space for each of their sample molecules. For the
branched samples, each primary chain was generated as a RW
trajectory with the connectivity of the primary chains resembling
the large-scale chain architecture of the real molecule. The
number of mass points (i.e., the number of steps 4+ 1) in each
of our model chains was obtained from the reported molecular
weight data (measured data for linear samples and target data for
branched ones) in ref 5 and the molar mass of Kuhn segments,
My, which is 720 g/mol for polystyrene and 150 g/mol for
polyethylene.” Details of our model chains are given in the
Supporting Information. For convenience, the same sample
designation as used by Sun et al. is followed. For example,
consider PEH(10),(95)(10), which is a branched polyethylene
sample having a two-branch-point structure with two arms per
branch point. On the basis of the target molecular weights
(available in Table 4 in ref 5) for each arm and the connector
and the M, value for polyethylene, we used 68 mass points for
each arm and 662 mass points for the connector for our RW
model chain.

Figure 2 shows our CABS results for various different flexible
polymers including the 37 different branched polymers with
different architectures (star, two-branch-point, and comb), linear
RW polymers with mass points ranging from 15 to 5000 (the
effect of finite number of mass points is further investigated). The
results, grouped as flexible polymers in Figure 2, also include
theoretical results for ideal chains of linear and symmetric star
(with 3, 4, up to 12 arms) architectures based on the analytical
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Figure 2. K, as a function of Ry/R, for a large number of different
(linear and branched, RW and SAW) flexible polymers and cylindrical
pores. Details are given in the text. For comparison, results for a sphere
and a rod are also shown.

expressions by Casassa and Tagami."® To the best of our know-
ledge, this is the first time a plot of K, for cylindrical pores versus
the span dimension is presented. It demonstrates that the parti-
tioning curves for different flexible polymers are truly universal in
the permeation limit (where K, near unity) as shown in eq 22 and
nearly so over the entire range of K; relevant to SEC separation.
This is, however, not the case if K, is plotted versus some of the
other size parameters (Ry, Rog 13 Ry) as demonstrated in the
Supporting Information. There, the superiority of the span
dimension is also shown for spherical pores.

It should be noted that SEC experiments are typically con-
ducted under good solvent conditions, and thus it would have
been more appropriate to use the SAW model that takes into
account excluded volume interactions. We employed the RW
model because of its simplicity, and in addition, utility of studying
the partitioning of RW chains has also been demonstrated by the
convincing achievements of Casassa’s approach based on ideal
chain statistics.””> However, to assess the effect of excluded
volume interactions, we also included in the group of flexible
polymers in Figure 2 a linear SAW chain of 10? steps, and as
shown, its partitioning curve coincides with those of RW chains.
This indicates that the universality is not influenced by excluded
volume interactions in the range of Kj relevant to SEC separa-
tion, although the actual values of R, and thus K for a given pore
size certainly depend on the solvent conditions.”

Figure 2 also includes a comparison of the partitioning curves
of flexible polymers to those of a sphere and a rod. For a sphere of
radius R, K, for a cylindrical pore of radius R,,is Ky = (1 — Ry/ Rp)2
for Ry = R, and is zero otherwise. This is the same as that for a
square channel of width d = 2R,,. For a rod molecule of length L
(and Ry = L/4)and a cylindrical }%ore, Ky was given by Giddings
et al. in terms of elliptic integrals,” which also coincides with our
numerical results obtained from eq 17. Figure 2 shows that sphere
and rod do not fall onto the results for flexible polymers except in
the permeation limit. At Ry/R,, = 0.4 for example, a sphere has
the largest K, and a rod the least. In contrast, for large RS/R
values, e.g., at Ry/R, = 1, the order s reversed. In an experi-
mental study by Dubm and Principe,” a failure of the Vj4-based
universal calibration approach for rodlike macromolecules
versus random coils and globular proteins was found, and they
also considered other size parameters including the mean span
dimensions which were estimated from the hydrodynamlc
volume data based on expresswns given by Casassa."> They
demonstrated (in Figure 5 in ref 74) that X failed to unify the
elution behavior of their samples. In their experiments, K, spans
approximately from 0.1 to 0.8, and our theoretical results in
Figure 2 do not show a universal partitioning behavior, either. In
addition, a crossover in K, between the rigid rod and flexible coils
was observed in their results at large X values, in agreement with
our findings. However, the large difference between flexible coil
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and globular proteins in their results cannot be explained by
Figure 2. A switch from the cylinder pore model to other pore
geometries does not explain the discrepancy, either.

To have a better understanding of the difference in the
partition coefficients for a rod, flexible polymer chains, and a
sphere, we also investigated the partitioning of spheroids, worm-
like chains, and simple RW chains with only a few steps into
cylindrical pores. Results are presented in the Supporting Infor-
mation. One may summarize them by identifying four ranges of
Ry/R,,. In the limit of wide pores (Ry/R, — 0), all partition curves
collapse onto a single curve. In the range of 0.1 < Ry/R,, < 0.6, K
for the same R,/R,, value is sorted by the roundness parameter C,
calculated using eq 23. In contrast, for very large values of Ry/R,,,
the order of Kjis determined by the ability of a molecule to enter a
narrow pore by adjusting its orientation or internal conforma-
tions. Between these two ranges, the partition curves intersect
each other. Although in those cases K, as a function of Ry/R,, does
not follow a unique curve, the disparity between different parti-
tion curves is significantly less than that found when other size
parameters (R, for instance) are used.

5. Comparison with Experiments

We have demonstrated that the theoretical partition curves of
flexible polymers follow a nearly universal curve in the plot of K,
as a function of Ry/R, in the range of K relevant to SEC
separation. It is thus interesting to examine how good this
universality is in experiments.

We consider the experimental data obtained by Sun et al.” and
estimate Ry of their polymer samples using their R, data and
values of Ry/R, obtained from our calculations. Two approaches
were used to calculate Ry/R,: one from simulations of finite RW
chains and the other from the continuum limit (ideal chains). As
we noted earlier, it is straightforward to calculate various bulk
size parameters including R, R,, and Ry as well as their ratios
from simulations. On the other hand, it is perhaps more of
theoretical interest to be able to determine those size parameters
from the continuum limit. For ideal chains having the branched
architectures studied by Sun et al results of R, and Ry are
available in the work by Teraoka,” and results of R are obtained
here using an approach described in the Appendix. Results from
both approaches are consistent with each other. These data are
listed in Tables 1—4 in the Supporting Information. Note that
because of the difference between discrete and continuum mod-
els, the results of Ry/R, from simulations are smaller by 2—3%
(except for the linear RW chains of only a few steps) compared
with those for the continuum limit; in contrast, the results of
Ru/R, from 51mu1at10ns are slightly larger than those for the
continuum limit.**

Figure 3 demonstrates the correlation between the span
dimension and the experimental SEC retention volume on a
semilog plot of R’ vs retention volume. Results of Ry/R,
obtained from the continuum limit are used, but the positions
of the symbols hardly change if simulation results of Ry/R, are
used instead. Different symbols in Figure 3 denote different
categories of model polymers. Both the linear and branched
polyethylenes lie closely to the curve determined for the linear
polystyrene standards. For the hnedr and branched polyethylene
samples, Figure 3 shows that R correlates better with the
retention volume than does R (see Figure 6a in ref 5). The
universality of the curve is comparable to those using [17]M (see
Figure 6b in ref 5) and Ry;® (Figure 6b in ref 29). It is difficult to
judge which one correlates best with SEC separation since they all
provide intimate correlations with the retention volume. How-
ever, Flgure 3 also shows that linear polyethylene follows the
common R’ curve over the entire range of sizes, in the same way
as the common R curve obtained by Sun et al. in Figure 5a in ref 5,
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linear PS
linear PE
3-arm star PE

2-branch-point PE

retention volume (ml)

Figure 3. Semilog plot of R’ versus retention volume for linear poly-
styrene (PS) standards and linear and branched polyethylene (PE)
molecules. Ry is estimated from experimental data of R, and the
characteristic ratio Ry/R, obtained from the continuum hmlt The
original data of R, and retention volumes are obtained by Sun et al’®
The solid line is a ﬁt to the polystyrene data.
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Figure 4. Characteristic size ratios, Rs/R, (open symbols) and Ry/Ry

(closed symbols), are shown as a function of the total number of mass
points, N, for linear RW (square) and SAW (circle) chains.
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Figure 5. Characteristic size ratios, Ry/R, (open symbols) and R/
Ry (closed symbols), shown as a function of g ' for branched poly-
mers. The symbols represent 3-arm stars (square), 2-branch-point (circle),
and comb (triangle) architectures. The dashed lines are for f~arm
symmetric star polymers with g = (3f — 2)/{2 RJ/R, = (2/«/Jt?(g§/g)1/2
and Ry/Ryy = [16/(37)](gs/gr)"* where g, = /" 2 [olerf(r) eXp( )
df and gy = fl[(V2 — 1)(«/2 + /1. The left ends of the dashed lines
correspond to a linear ideal chain with g = 1, R/R, = = 2//7, and
R/Ry = 16/(3m). The solid horizontal lines, shown to guide the eye,
correspond to the results for a linear ideal chain.

and in this case, when [7] M was used in place of Rg3 , the agreement
between the series was not as good, especially in the low end of the
molecular weight range.’

Note that we have not taken into account the effect of excluded
volume interactions to R/ R, for our estimations of Ryin Figure 3.
Simulation results demonstrate that the Ry/R, value of a linear
RW chain is slightly larger than that of a linear SAW chain of
the same total number of mass points, N (see Figure 4 and also
Figure 3 in ref 34). Consider, for instance, N = 10*: we obtained
RyR, = 1.1049 for RW and R¢/R, = 1.0405 for SAW.
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This indicates that our estimations of R, based on RW data may
overestimate the actual value by about 6%. If this difference
holds for both linear and branched chains, the universality shown
in Figure 3 will not be affected. However, previous studies on the
branching parameter, g, revealed that g values in good solvents
are in rather good agreement with those from ideal chain
calculations for stars, but noticeable deviations are found for
other branched structures, especially when composed of many
long branches.”*”” Similarly, the effect of excluded volume
interactions may also have different impacts on Ry/R, values
for different chain architectures. Therefore, it would be interest-
ing to examine the correlation between Ry and retention volume
using R,/ R, data obtained from SAW simulations. We expect this
would further improve the universality shown in Figure 3.

Sun et al. concluded from their experiments that R, of linear
chains correlates better with the SEC retention volumes than does
the hydrodynamic volume whereas the reverse is the case for
branched chains. To the best of our knowledge, this somewhat
puzzling conclusion has not been explained, and in the following,
we seek to address this issue based on our calculations. We did
not calculate the hydrodynamic volume because of known
difficulties,”” and therefore we rely on the experimental findings
that the ratio []M/Ry> varies little for golymers of different
molecular weights and chain architectures.”

Figure 4 shows simulation results of Ry/R, (open symbols)
and R,/Ry (closed symbols) as a function of the total number
of mass points N, for linear RW (square) and SAW (circle)
chains. As discussed earlier, there is a difference between RW
and SAW chains. However, for both types of chains, the ratios
increase with N to their limiting values as N — + oo with a slope
that is smaller for the Ry/R, curve than for the Ry/Ry curve.
This implies that if two linear polymers of different length (N)
have the same R, and therefore the same retention volume in
SEC experiments, then the difference in the R, values for the
two polymers will be smaller than the difference in their Ry
values. This explains why for linear chains R, correlates better
with the SEC retention volumes than does the hydrodynamic
radius (and the hydrodynamic volume) as was found by
Sun et al. in their experiments.” Furthermore, Figure 4 also
explains why at low molecular weights linear polystyrene has a
larger hydrodynamic volume than does linear polyethylene of
the same retention volume. Recall that the Kuhn length value
is 1.8 nm for polystyrene and 1.4 nm for polyethylene,”® and
therefore for the same R, (and consequently the same retention
volume), linear polystyrene will have fewer total number of
beads than linear polyethylene and therefore a larger hydro-
dynamic radius (hydrodynamic volume).

Figure 5 shows the effect of long chain branching on the size
ratios, R/ R, and R/ Ry, for the model branched chains of star,
2-branch-point, and comb architectures. All size parameters
are obtained from the continuum limit. The abscissa, g71/3,
increases with an increase of long chain branching. Both ratios
are larger for branched chains than for a linear chain.”® This
implies that if a branched chain and a linear chain have the
same R,, then the branched chain will have a larger mean span
dimension and thus elute earlier in SEC experiments. This is
consistent with the findings by Sun et al. (Figure 6a in ref 5) and
Farmer et al. (Figures 8 and 10 in ref 31). However, contrary to
the case in Figure 4, Figure 5 shows that Ry/Ry changes less
with an change in g~ '/ than does Ry/R,. This implies that if
two polymers of different branching parameters have the same
R, and therefore the same retention volume, then the difference
in their Ry values will be smaller than the difference in their R,
values. This explains why for branched chains the calibration
curve using Ry or Vyy is superior to the one using R,, as was
also found by Sun et al.’> and Farmer et al.’! in their experi-
mental studies.
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6. Concluding Remarks

The CABS method allows efficient computation of the equili-
brium partition coefficients K, for various model polymer chains
and a large number of different pore sizes. In this work, we extended
the CABS method to cylindrical and spherical pores, and thereby
all simple model pore geometries that are usually considered in
theory and simulation studies can now be studied by CABS.

We have demonstrated that results of Kj plotted as a function
of X /d (= Ry/R,) nearly overlap for the several flexible polymer
chains including linear, star, two-branch-point, and comb archi-
tectures in the range of the partition coefficient relevant to SEC
separation. A comparison of the universality of K, with other size
parameters, such as the radius of gyration and the hydrodynamic
radius, also demonstrates that the mean span dimension is more
relevant to confinement effects. _

The intimate correlation between X and K| for flexible poly-
mers was also demonstrated using the experimental data ob-
tained by Sun et al. in their study of SEC separation. In a plot of
R, vs retention volume, we found that both their linear and
branched polyethylene molecules lie nearly on the curve deter-
mined by the linear polystyrene standards. Furthermore, we also
provide an explanation to their rather puzzling experimental
findings by examining the effects of finite number of chain
segments and long chain branching on the characteristic size
ratios, Ry/R, and Ry/Ry;.

The consistency between the equilibrium partitioning theory
and the experimental findings by Sun et al. demonstrates applic-
ability of the theory to SEC separation. Since the mean span
dimension is a purely geometric size parameter applicable to any
chain architecture, its use in the interpretation of SEC data is
appealing. One may in fact regard SEC as a method to probe the
mean span dimension for each fraction in an SEC chromatogram.
This may help infer the branching architecture of a given polymer
chain from its retention volume. Furthermore, since the mean
span dimension can be calculated for various types of chain
architectures, it may be applied to simulations of SEC elution
curves on the basis of polymerization kinetics (such as the method
developed by Tobita and co-workers).%0 %2
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Appendix: Calculations for the Mean Span Dimension of Ideal
Chains

Assuming ideal chain statistics, formulas for the mean-square
radius of gyration and the hydrodynamic radius of various
branched polymer molecules have been obtained since the
pioneering work of Zimm and Stockmayer.”* In contrast,
results available for the mean span dimension, X', of branched
chains are scarce. It is thus desirable to formulate a systematic
approach to obtain X for various branched architectures. This is
achieved in the following way.

First we remark that, in the weak confinement limit, K is a
universal function of the mean span dimension.>*** For a slit
confining geometry of width d, thisis given by eq 10. Solvingeq 10
for X gives

= 1=K (Ry/d
X/Ry = lm ——2 £ (Ry/d)

24
R,/d—0 Rg/d 29
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where the radius of gyration R, is used as a length scale factor.
Second, we note that Teraoka has obtained expressions of K for
the slit geometry for branched ideal chains of asymmetric star,
2-branch-point, and comb architectures using the Green’s func-
tion approach (which is in principle applicable to other branched
types).”” Unfortunately, inserting those expressions of K" into
eq 24 generally does not yield X in terms of elementary functions
for branched chains. Numerical calculations are necessary, even
for symmetric star polymers. However, for practical purposes, it
is sufficient to approximate the limit in eq 24 as R,/d approaches
zero by letting R,/d = 0.1. Thereby, we have

X /R~10(1 =K (R, /d = 0.1)] (25)

This makes it friendly for numerical calculations. We have
examined the validity of eq 25 for all our calculations. Consider
e.g. a linear chain: truncating the infinite summation in Casassa’s
expression (eq 4 in ref 12) at m = 10; eq 25 gives an estimation of
X /R, that is accurate down to the 11th digit compared to the
exact result, 4/4/7.>*

Supporting Information Available: Comparison of our
results of K, with scaling-law predictions to demonstrate the
accuracy of CABS calculations; plots similar to Figure 2 but
with Ry substituted by other parameters (R, Rggfl‘/ 3 and Ry),
as well as results for a spherical cavity to further demonstrate the
superiority of the mean span dimension in collapsing the
partitioning curves of flexible polymers to a single curve; results
of the partitioning of spheroids, wormlike chains, and RW
chains with only a few steps into cylindrical pores to demon-
strate the transition in Figure 2 in the partitioning behavior from
a rod to flexible polymer chains and to a sphere; and tabulation
of calculation results of Ry/R, and Ryy/R, obtained from simula-
tions and from the continuum limit for the polymer samples
studied by Sun et al. in their experiments. This material is
available free of charge via the Internet at http://pubs.acs.org.
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